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LEITER TO THE EDITOR 

A quasi-parafermionic realization of C, and U,( C,) 
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Abstract. We present a constmction of the exceptional Lie algebra G2 and of the corres- 
ponding quantum algebra U,(G,) using quasi-parafermionic creation and annihilation 
operators and their quantum analogue. As a by-product, a new realization of U,(A,) is 
found. 

Quantum groups, introduced in the study of integrable models, have become mathe- 
maticai structures of reievant interest in many fieids oi physics. Expiicit constructions 
of the quantum universal enveloping algebra, the so-called q-algebra, of SU(2) have 
been obtained by introducing the q-analogue of the harmonic oscillator boson operator 
[ 13. Introducing also the q-analogue of the fermionic operators satisfying a q-deformed 
Clifford algebra, this construction has been generalized to the universal enveloping 
algebras of all classical Lie algebras [2], to the exceptional Lie algebras [3] except 
Uq(Gi).  For this !IS! one, on!y an er.p!ici! mitrix rez!izition is known [4j. 

In this letter we want to present a construction of G2 and of U,(G2) in terms of 
objects which are similar to parafermions (respectively q-parafermions) but as they 
do not satisfy all the equations defining parafermions, we prefer to call them 'skedofer- 
mions' (from greek UKESW close to) in order to avoid confusion with the already 
existing literature on parafermions [5] and q-parafermions [6] .  

Let us first discuss why the construction proposed in [2,3] cannot be extended to 
U,(G2). For the Lie algebra G2 an explicit construction in terms of fermions can he 
obtained [7] by exploiting the embedding G2 c B, c D4. As G2 is a singular subalgebra 
of B, ,  a simple root of G2 is a linear combination of simple roots of E, ,  and therefore 
the corresponding generator is a linear combination of the generators of B,. As the 
lack of linearity is the peculiar feature of the deformed algebras, this realization cannot 
be deformed in a consistent way. Let us remark that the same structure appears in the 
case of ihe Lie aigebra F4 which is a singuiar subaigebra of E6. Tine cnnsiruciion of 
this algebra in terms of fermions exploiting the embedding F , c  E6 [7] cannot be 
deformed. So the construction of [3] can be seen as the deformation of the construction 
of F4 obtained by the decomposition of this algebra in its maximal subalgebra B4: 

52 = 36+ 16. (1) 
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L384 Letter to the Editor 

In the following, we shall present at first a realization of G, in terms of fermions 
exploiting the decomposition in its maximal subalgebra A,: 

14 = 8+3+5 ( 2 )  
which is suitable to be deformed. 

Let ai, a: ( i  = 1,2 ,3)  he fermions satisfying 
Let us briefly recall the realization of the algebra A, in terms of fermionic operators. 

td,aT}=tai,  aJ=O and {a:, aj} = 8,. (3) 

d a ,  and a l a k  - al+,ak+I = Hk. (4) ' 

The algebra A, is spanned by (with i, j = 1 , 2 , 3 ,  i # j and k = 1.2) 

The generators corresponding to the simple positive roots are a:az and a:a3 and the 
Hk form the basis of the Cartan subalgebra. With respect to this realization. the a: 
and a, transform as the 3 and the 5 respectively. We can get another realization of 
these fundamental representations in terms of hilinears in a, or a: using the property 

5 = (3x3),4 and 3= (5  XJ), ( 5 )  
where the subscript A denotes the antisymmetric part of the Kronecker product. 

positive roots (index 1 is for the long root, index 2 for the short root) 
We can now realize the G2 algebra using as generators corresponding to the simple 

El = a:a2 and E2= a:- alas (6a)  

F, = a:a, and F2=a2+a:a: ( 6 6 )  

and generators corresponding to the simple negative roots 

Xi!!! carresponding C2rtrn gcnec2!ars 

Hl=[El ,  F,]=a:a , -a:a ,  

H2=  [E2, F2]=Za:a2-a:a,-a3a3.  + (7) 

These generators satisfy the usual relations in the Chevalley basis 

[H,, E,]= a,Ej [ H i ,  4]= -a& (8) 

where aii is the C, Cartan matrix 

It is a simple calculation to show that the Serre-Chevalley relations are verified. Indeed, 
they are trivially verified as each term is identically vanishingt. 

The fourteen elements of 0, will be (where i, j, k E { 1 , 2 , 3 }  and summation over 
repeated indices is understood) 

I + +  ataj  ( i # j )  a t  + fEgkajak ai-IEgtaj ak  

a:a, -a:a2 2a:a,-a:al - a l a , .  
(10) 

Let us remark that the bosonic realization of Az is not suitable to build the realization 
of G2 as the terms Eerajak and egkafa: are zero for bosons. 

In the realization of orthogonal Lie algebras in terms of creation and annihilation 
operators, the fundamental (spinorial) representations of the algebra is spanned by 
t This happens for all the Serre-Chevalley relations for aq <O when the Lie algebra is realized in terms of 
fcrmionic operators. 

. .  
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the Fock space, generated by the creation operators on the vacuum state 10) defined 
as the state annihilated by all the annihilation operators, the vacuum transforming as 
the lowest weight state of the representation. We can also realize irreducible representa- 
tions (IR) of G2 in the fermionic Fock space. To do this, what is relevant is the 
identification of a state transforming as the lowest or highest weight state. From the 
form of the Cartan generators (10) and the property that the fermionic number operator 
N, = atai  has eigenvalues 0 or 1 on the Fock space, one finds that in the Fock space 
there are two states which can be candidate for the highest weight states for the trivial 
one-dimensional IR (in Dynkin notation (0,O)) and for the fundamental seven- 
dimensional IR (in Dynkin notation (0, 1 ) ) .  The highest weight state for the (0.0) IR is 

( I l a )  10,O) =lo)+ a ,  a2a3  lo) 
while the highest weight state of the ( 0 , l )  IR is 

IO, I)= a:a:lo). (1lb) 

By applying to the above state the generators corresponding to the simple negative 
roots (66) in the sequence F2, Fl, F2, F2, F I ,  F2 all the states of the representation are 
spanned. One can easily identify the states of the representation of A 2 c  G2 i.e. 

+ + +  

7 = 3 + 3 + 1  

the IR 3 being spanned by atlo), the IR 3 by a t  atlo) ( i  # j) and the trivial representation 
by the state given in (110). 

Let us now define 

(12) 

[ d ; ,  d;]  = Ki [ K ; , K j ] = O  (130) 

[ Kj, d f ]  = (38, - 1)df [ K ; , d j ] = - ( 3 S y - l ) d j  (13b) 

[ [ d t ,  d,], d ; ]  =3Sjkdt  ( i f j )  [ [ d : ,  43, d k ]  = -3Sikdj ( i  # j )  ( 1 3 ~ )  

d .  = a. -I + + d?=a?+' I I 2Eykajak and r I 2 E g k a j a k  

which satisfy the following relations (and the HC relations)t 

( d + ) 3 = ( d : ) 2 4 = d ' d j d t = d t d ? d . d f = d + d ? d t d ' =  J J '  J I  d : 4 d f 4 d + = O  (i#j) (13d)  

d?dfdkd: = d;djd,dj = dtdjdkdfd' = d t d j d f d k d t  = dtd,dfdkdidt  

= d'd,dkdTdjdt =o ( j  # j + kj  (i3e) 

with K , + K 2 + K 3 = 0 .  
Now, forgetting the defining equations (12), we define objects satisfying (13) and 

we shall call them 'skedofermions' (or quasi-parafermions). Of course, one can general- 
ize this definition to build a set of n skedofermions in connection with any A. algebra. 

In terms of skedofermions, we can obtain a realization of G2 as 

E , = f [ d : ,  41 and E 2 = d :  (14a) 

FI = f [ d : ,  dil and F2 = d2 (146) 

H,=f(K,-K2) and H2 = K 2 .  (14c) 

Now we can restate the previously obtained results on the I& in terms of skedofemion 
space. In reference 151, it has been shown that a vacuum state can be introduced for 
parafermions. Then the Fock space is spanned by monomials in the creation parafer- 

t One can find other relations of type (13e,,f,g) using the defining equation (12). Actually. it is easy to 
canvinceaneselfthatmonomialsin d:and d,  ( i =  1,2,3)areidenticallyvanishingiftheirdcgreeissufficiently 
large. These relations have the property to be preserved by the q-deformation defined by equation (IS) .  

. .  
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mionic operators and the ring of parafermions is proved to be irreducible. A key point 
in these proofs is (4.l), of [ 5 ] ,  which, up to a numerical factor 3, corresponds to our 
(13c). So, we can prove, along the same lines, analogous results for skedofermions. 
However, due to the peculiar realization of the generators of G2 as commutator of 
skedofermions, the vacuum state cannot be a candidate to a lowest or highest weight 
state, which, as we have already remarked, is the really relevant condition to verify. 
One can check that if I V) is a vector in the Fock space of skedofermions, eigenvector 
of K ,  and K 2 .  such that In)= d:J V)#O, then due to (12) In) is the highest weight state 
of the representation (0, l), up to an irrelevant constant shift in the Cartan generators 
eignevalues and all the states of the IR are obtained by applying the Fj in the above 
sequence. 

Now we define q-skedofermions $:, $j (i.e. quantum analogue of skedofermions) 
by the following relations (and the HC relations) which have the property to reduce 
to (13) for q = 1 and which are analogous of the equations defining q-fermions [2]: 

and the q-commutator of two operators A and B is defined by 

[A, B], = A B  - @A. 

From ( 1 5 d )  and the identity 
(17) 

Notice that (19a, b), up to a numerical factor a, are also satisfied by q-fermions replacing 
the operator K,  by the fermionic number operator Ni. 

It is well known that ordinary fermions satisfy the relations of the q-Clifford algebra 
due to the property that the square of N, is equal to N;. As K :  # K,, q-skedofermions 
are different from skedofermions. It is even almost evident that replacing in (12) the 
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fermions by q-fermions does not define q-skedofermions; one can wonder if skedofer- 
mions can be realized in terms of more complicated expressions of q-fermions. This 
is not apparently the case (even we do not have a general proof) if we require in 
particular (15) to hold. 

Let us recall the definition of a quantum enveloping algebra UJG) associated with 
a simple Lie algebra G of rank r. Mathematically, the quantum enveloping algebra 
U,(G) is a Hopf algebra with unit 1 and generators E,, F,, H, (1  s I S  r )  defined through 
the commutation relations in the Chevalley basis 

[ H a ,  41 = O  [ H , ,  E,] = a,E, [ H I ,  61 = -~,6 

and the quantum Sene-Chevalley relations (for i#j) 

where (as)  (1 G i, j S r) is the Cartan matrix of the Lie algebra G, and di are non-zero 
integers, with greatest common divisor equal to one, such that dia, = 4ajj. Note that 
in the case of G2 with Cartan matrix (9), one has d, = 3 and d2 = 1. 

The q-binomial coefficients [3, are defined by 

One needs also to introduce a comultiplication A, a co-unit E and an antibode S such 
that 

A(H, )  = 10 Hi + H, 0 1 

A ( E i ) = E j O q -  + qH'@ E, A( F,) = E. @q-", + qH'@ F, 
(24) 

&(Ei) = &(Fi) = &(Hi) = 0 €(l) = 1 

S(EJ = -q-YEiqY S(EJ = -q-"'Ejq" S ( H j )  = -Hj. 

Then we can prove the following statement: 

Proposition. A realization of the generators of U,(G2) is given by 

H , = K 2 .  (25~) H -1 
I - 3(K ,  - K2) 

Proox Equations ( 2 1 0 4 )  are just the defining equations (15b, c). 
Equation(2ld)fori=j=2reducesto(15a)withi=Zandfinally(21d)fori=j=l 

is a consequence of equations (15a-d) and of the identity q6-q-6=  
( q 2 -  q-2)(q4+q-A+ 1). 
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Now we have to verify the quantum Serre-Chevalley relations (22). Equation (22a)  
reads for at2 = -1 

( 2 6 ,  

Now, if we write the RHS of equations (26) and (27) in terms of $:, +: and (L2. one 
can easily prove that each term identically vanishes using equations (15e) and (lsf), 
so that the quantum Serre-Chevalley relations are satisfied. 

The proof of (22b)  is evidently in the same spirit, using the HC relations of (He)  
and (l5f). In the Fock space of q-skedofermions one can realize the fundamental 
representation of Uq(G2) by introducing the q-analogue of the IV) vector such that 

V) # 0. From (15) one can see that this vector is annihilated by E,, E2 and that 
non-vanishing vectors can only he obtained by applying the F, ( i  = 1,2) generators in 
the above specified sequence, so obtaining a seven-dimensional representation. 

Notice that, in this construction, a key point is the definition of the q-skedofermions 
given by (15). Of course, this definition is not unique as the requirement to recover 
equations (13) for q = 1 is indeed very weak and the criterion of 'close analogy' of the 
deformation of fermions is mathematically rather badly defined. We have found a 
consistent deformation which is suitable for the construction of U,(G,). Moreover, 
one can use these q-skedofermions to build a new realization of U,(A2) (with q '=  4') 
which has the following structure: 

HI = :( K ,  - IC2) I f2  = f( K, -  K J .  ( 2 8 ~ )  

Using (15), it is easy to verify that (21) hold and that the quantum Serre-Chevalley 
relations (22) are satisfied. 
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